The supersymmetric version of the Miura and Bäcklund transformations associated with the supersymmetric Gelfand-Dickey bracket are investigated from the point of view of the Kupershmidt-Wilson theorem.
Soon after the work of Zamolochikov [1] , the W -algebras have been paid much attention in two-dimensional conformal field theory and integrable systems [2] . Now it is well known that the classical version of the W n -algebras arise naturally as the second Gelfand-Dickey (GD) bracket of the n-th generalized Korteweg-de Vries (KdV) hierarchy [3, 4] defined by the Lax operator L = ∂ n + u n−1 ∂ n−1 + · · · + u 0 . In such connection, the Kupershmidt-Wilson (KW) theorem [5, 6] play an important role in such a way that under the factorization L = (∂ − φ n )(∂ − φ n−1 ) · · · (∂ − φ 1 ) the second GD bracket is transformed into a much simple one in terms of the Miura fields φ i . Thus the factorization not only provides the Miura transformation which maps the n-th KdV hierarchy to the corresponding modified hierarchies but also gives a free-field realization of the associated classical W n -algebras [7] . On the other hand, as observed by Adler in [8] that the cyclic permutation of the Miura fields φ i in the factorized Lax operator generates the Bäcklund transformation of the n-th KdV hierarchy. Hence from the point of view of the KW theorem, one has a unified description of the Miura and Bäcklund transformations associated with the second GD structure for the n-th KdV hierarchy. In general, the above scheme is encoded in a particular form of the Lax operator and its associated Poisson structure. Several integrable systems have been studied based on this scheme. For example, the KW theorem and Adler's work have been generalized to the constrained KP hierarchy [9] [10] [11] [12] [13] [14] which is defined by the pseudo-differential Lax operator of the form
Recently, the supersymmetric second GD bracket has been constructed [15] [16] [17] for the generalized supersymmetric KdV(SKdV) hierarchy. In particular, the supersymmetric KW theorem which enables one to reduce the supersymmetric second GD bracket to a vastly simple form via a supersymmetric Miura transformation has been investigated [15, 18] . However, in contrast to the bosonic counterpart,there are some issues associated with the supersymmetric GD bracket still unexplored. In this letter we consider two of them: the first is the factorization property of the supersymmetric GD bracket defined by the Lax operator which can be expressed as a ratio of two purely superdifferential operator L = AB −1 . The other is to generalize Alder's work to the supersymmetric GD bracket. Once these goals can be achieved, we will have a unified way to describe the Miura and Bäcklund transformations associated with the supersymmetric GD bracket, which, to the best of our knowledge, has not been reported in the literature.
To begin with, we consider the superdifferential Lax operator of the form
where the supercovariant derivative D ≡ ∂ θ + θ∂ satisfies D 2 = ∂, θ is the Grassmann variable (θ 2 = 0) which together with the even variable x ≡ t 1 , defines the (1|1) superspace with coordinate (x, θ). The coefficient U i are superfields that depend on the variables x, θ, t i and can be represented by U i = u i (t) + θv i (t). Since L is assumed to be homogeneous under Z 2 -grading and hence |U i | = n + i (mod 2). We will introduce the Poisson bracket associated withthe Lax operator on functionals of the form:
where f (U) is a homogeneous differential polynomialof the U i and B ≡ dxdθ is the Berezin integral such thatif
The supercovariant derivative D satisfies the supersymmetric version of the Leibniz rule [19] :
where
For a given super pseudo-differential operator P = p i D i we can define its super-residue as sresP = p −1 and its supertrace as StrP = B sresP .It can be shown that, for any two super pseudo-differential operators P and Q,Str
where the variational derivative is defined by
The supersymmetric GD bracket defined by the Lax operator (1) is given by [15] [16] [17] {F,
where () + denotes the differential part of a super pseudo-differential operator. It has been shown [15, 17] that (7) indeed defines a Hamiltonian structure, namely it is antisymmetric and satisfies the super Jacobi identity. From (7) the fundamental Poisson brackets of the U k can be read off by taking F and G are linear functionals. The bracket (7) has a very nice factorization property associated with the Lax operator (1) . If L = AB where both A and B are superdifferential operators, then it can be proved [18] that
Note that there is a relative sign (−1) |B| between the two terms, which disappears in the bosonic counterpart. Now let us factorize
, then such supersymmetric Miura transformation defines the U i as polynomials in the Miura fields Φ i . Since the supersymmetric GD bracket for the operator D − Φ i can be easily calculated as
. Hence under the factorization the second bracket becomes
which implies that the fundamental brackets of the Miura fields Φ i are given by [15, 16] 
This result is what we called the supersymmetric KW theorem. Eq.(10) also enables us to write down the fundamental brackets of the U k through the super Miura transformation. Notice that the alternating signs in (10) are crucial since it is only this choice which will lead to a closed Poisson algebra among the U k . In fact, it has been shown [20] [21] [22] that the supersymmetric second GD bracket (7) still defines a Hamiltonian structure even when the super Lax operator are homogeneous super pseudo-differential operators on the supermanifold of the form
In other words, the fundamental Poisson brackets of the V i can be calculated from the supersymmetric GD bracket defined by Λ n . However, motivated by the recent studies on super pseudo-differential operators with reductions and truncations [23] [24] [25] it would be interesting to consider the supersymmetric GD bracket defined by the Lax operator L = AB −1 where both A and B are superdifferential operators; in fact, in view of (8) , this situation is reduced to consider the case L = B −1 . More precisely, if B = B i D i be an invertible superdifferential Lax operator such that the Poisson brackets among the B i be given by (7) . Then taking
we can ask what the Poisson bracket associated with L is. To answer this question, suppose F is a functional of L, then the infinitesimal change of F gives
which implies
Substitution (13) into (7) we find
Now using (8) and (14), the supersymmetric GD bracket under the factorization L = AB −1
can be easily derived as
Again, up to a phase factor, this result is similar to the bosonic case. Furthermore, if both A and B are factorized into the multiplication form (generalized Miura transformation) such that
then the only nonzero Poisson brackets among the generalized Miura fields Φ i and Ψ i are given by
These brackets would be possible to provide the free-field realizations of some extended classical W -superalgebras.
So far, we only discuss the second Hamiltonian structure. To obtain the first structure, one can deform the second structure by shifting L → L + λ (or U 0 → U 0 + λ) and extract the first structure from the term proportional to λ.
In the following, let us go back to the integrable hierarchy defined by the supersymmetric Lax operator of the form
, the so-called generalized l-th order super KdV(SKdV) hierarchy [26, 27] . Since it is a reduction of the super pseudo-differential operator Λ 2 in such a way that L = (Λ l 2 ) + , and hence we also call this hierarchy the SKP
hierarchy [26, 27] .
The evolution equations of the even order l-th SKdV hierarchy are given by
Due to the Poisson structure (7), one can give a Hamiltonian flow description of the Lax equation (18) as
where the Hamiltonians H k are defined by
which form a infinite number of conservation quantities of the hierarchy. If we factorize the even order super Lax operator as
then, by KW theorem, the corresponding Miura fields Φ i satisfy the modified hierarchy equations
In the following, we would like to show that the whole set of equation (21) is invariant under the cyclic permutation Ω:
Using these permuted operators, we will show that the modified hierarchy equations (21) can be expressed as
where ∇ i ≡ D − Φ i . Evidently, eq. (22) is consistent with the Lax equation (18) since
On the other hand, (22) makes sense only if the order of the right hand side is zero. This can be shown by observing the fact that the permuted operators L Ω i obey the recursive relation
Hence the operator M (k) Ω i can be written by
which leads to
where we have rewritten
i with χ i ≡ exp( x (DΦ i )) and used the fact (AD
. Now we are ready to show that (22) is, in fact, equivalent to the modified hierarchy equation (21) . From (26) and (24) we have
On the other hand, from (20) and (21) we have
= r.h.s of (27) 
Therefore there are two different expressions for the dynamics of the Miura fields Φ i . However it is more clear from (22) rather (21) that the whole set of equation is invariant under the cyclic permutation Ω and hence generates the Bäcklund transformation of the hierarchy, the 2l-th power of which is just an identical transformation. Thus, from the Lax formalism point of view, we can identify the one-step permutation Ω :
as an elementary Bäcklund transformation due to the fact that the form of the Lax operator and the hierarchy equation are preserved under such transformation. Moreover, from (24) such one-step permutation can be viewed as a gauge transformation triggered by the gauge operator
and the even function χ i satisfies
which for the t l -flow implies (L Ω i−1 χ i ) 0 = 0. Hence χ i is a wavefunction associated with the Lax operator L Ω i−1 . Similarly, we can also consider the anti-
where the Bäcklund transformation is triggered by the gauge operator
is a adjoint wavefunction associated with the Lax operator L Ω i , namely it satisfies ∂χ
These Bäcklund transformations have been applied to several super integrable systems to obtain their soliton solutions [28] [29] [30] [31] .
Finally, we would like to remark the canonical property of these elementary Bäcklund transformations. Since the parity of the gauge operator T i (or S i ) is odd thus each of the Hamiltonian defined by L Ω i in (20) is equal to the minus one defined by L Ω i−1 . This fact together with the Hamiltonian flow equation (19) concludes that the second bracket defined by L Ω i is also the minus one defined by L Ω i−1 . This is indeed the case because
{F, G}(L
In summary, we have derived the generalized Miura transformation associated with the supersymmetric GD bracket, which might be possible to provide the free-field realizations of some extended classical W -superalgebras. We have also investigated the Bäcklund transformations of the even order SKdV hierarchy from the KW theorem point of view. We found that the cyclic and anti-cyclic permutations of the Miura fields correspond to the elementary Bäcklund transformations of the hierarchy. The gauge operators and the canonical property of the elementary Bäcklund transformations were also revealed quite naturally via this formulation.
